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1. INTRODUCTION 
The following problem was considered by Euler [I] : to find a solution y(x) 
of the difference equation 
Y(X + 1) -Y(4 =.A4 (1) 
Euler derived a formula for a solution of (1) which may be valid when the 
function f(x) has period one and is expandable in a Fourier series (see Sec- 
tion 2). 
The purpose of this note is to solve Eq. (1) in an extremely simple manner 
for all functions f(x) of period one (see Section 3) and to apply the basic 
idea involved to the solution of other difference equations (see Section 4). 
Section 2 contains a brief resume of Euler’s method of solution, for the 
purpose of comparison. 
2. EULER’S SOLUTION OF EQ. (1) 
An elegant account of Euler’s investigation is given by Langer [2], a 
sketch of which will now be given. 
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Euler’s “imaginative deduction” [2, p. 421 is based on Taylor’s series, which 
enables him to rewrite the difference equation (1) thus: 
or, 
y(x) = {ed@ - I} y(x) =f(x). 
Euler’s method consists in first solving, for each positive integern, the “approx- 
imating” equation 
I(1 + ; ii” - 11 Y(X) =f(x), 
and then letting n tend to infinity in this solution. In this heuristic manner, 
Euler arrives at the formula 
Y(X) = /l f(t) dt + 2 2 /IrCl, ~0s hi@ - 4 4 
where a is a constant, for a solution of the difference equation (1). 
3. ANOTHER SOLUTION OF EQ. (1) 
It is possible, however, to obtain, by inspection, another solution of the 
difference equation (1). For, if f(z) has period one, the function ~j(z) is 
obviously a solution of (1). Th 1s simple remark, to our knowledge, appears 
to have been overlooked in the literature on difference equations. 
4. APPLICATIONS 
The simple remark of Section 3 may be thought of as follows: the solution 
xf(x) of (1) is the product of the given function f(x) and the function x, 
which is a solution of the equation 
y(x + 1) -y(x) = 1. 
(The solution CC~(X) of (1) is suggested, heuristically, by first “dividing Eq. (1) 
through by f(x),” and then using the periodicity of f(x), which gives 
Y(X + 1) Y(X) = 1 ) 
F+1) -f(x) - 
480 CHU AND DIAZ 
This circumstance, that, when f  has period one, the original equation (1) 
is entirely equivalent to the same equation with right hand side identically 
one, can be used to solve other difference equations. 
(a) Linear difference equations of order n: 
G&)y(x + fi) + “. + q)(x)y(x) =f(x), (2) 
wheref(x) has period 1. A solution of this equation is the product g(x)f(x), 
where g(x) is any solution of the equation 
u,(x)g(x + n) $- .‘. + u&)g(x) = 1. 
For n = 1, and a,(x) = - a,Jx) G 1, one has Eq. (1) as a special case. 
Another interesting special case is the equation, for some positive integer n, 
Any@) =fG4 
where the operator A is defined by 
AY(x) =Y(X + 1) -Y(X), 
and f  has period one. A solution of the equation Any(x) = 1 is the function 
(l/n!) X(X - 1) (X - 2) ... (3 - n + 1); hence, the product 
is a solution of the equation Any(x) =f(x). 
(b) Difference equations of the form: 
F(Y(X),Y(X + I), .‘.,Y(X + n)) =f(x), (3) 
with f of period one, where F is a homogeneous function of degree one of its 
n 1~~ 1 arguments: 
F(tx, , tx, , . . . . LX,) = tF(x, , x1 , . . . . xn). 
I f  g(x) satisfies 
F(g(x),g(x + 11, . . ..g(x -i- n>) = 1, 
then the product g(x)f(x) satisfies Eq. (3). For example, consider the non- 
linear equation y”(x)/y(z + 1) = f(x) (which may be rewritten 
YW =fwY(x + 119 
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to avoid difficulties of division by zero). I f  g(x) is any function of period one, 
then the function [g(x)12= satisfies y”(.~)/y(z + 1) = 1; hence, the product 
f(z) [g(x)12’ satisfies the equation y”(~)/y(~ + 1) =f(x). Putting g(x) 3 1 
gives the obvious solution f(x). 
(c) Partial difference equations may be treated similarly. For example, 
if f(x, y) has period one in both x and y, that is, 
fb + l,Y) =“mr> =.f(x,y + 11, 
for all x and y, then the product function xyf(x, y) is a solution of the “wave” 
equation 
u(x + l,y + 1) + z&y) - u(x,y + 1) - u(x + l,Y) =f(x*y), 
since the function xy satisfies 
u(x + 1,y + 1) + u&y) - +,y + 1) - u(x + LY) = 1. 
REFERENCES 
1. L. EULERI. De serierum determinatione seu nova methodus inveniendi terminos 
generalis serierum. “Opera Omnia,” Series Prima, xiv, p. 510. 
2. R. E. LANGER. An excerpt from the works of Euler. Am. Math. Monthly 64, No. 8 
(Part II, dedicated to Lester R. Ford on his seventieth birthday, being No. 6 of the 
H. E. Slaught Memorial Papers) (1957), 37-44. 
